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Abstract 

Using the Dirac procedure to treat constraints dynamical sistems applied to grav- 
itation, as described in the context of Teleparallel Equivalent of General Relativity 
(TEGR), we investigate, from the first class constraints, the gauge transformations 
in the fundamental field: the components of tetrads. We have shown that there is 
no an isotropy in physical space with respect to gauge transformations, i.e., given an 
arbitrary gravitational field, coming from a gauge transformation in the internal space, 
physical space reacts differently in the spatial and temporal components. By making 
an appropriate choice, we have found a gauge transformation for the components of 
tetrad field that allows a direct analogy with the gauge transformations of the Yang- 
Mills theory. In addition, to the asymptotically flat case in which the algebra index is 
fixed, we recover the transformations of Electromagnetism. Moreover, still considering 
the asymptotically flat case, the dependence of the gauge transformation parameter in 
the space-time variables is periodic, just like in the Electromagnetism. Furthermore, 
the gravitoelectric and gravitomagnetic fields as have recently been defined, make sense 
since they allow a direct relation with the momenta, which is analogous to what occurs 
in other gauge theories. 
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1 Introduction 



An alternative description of General Relativity (GR) is the TEGR. The usual formulation 
of TEGR in the literature is its Lagrangian version [U [2J El IH El E] ; such a formulation, as 
well as the theory of Yang-Mills and Electromagnetism has a configuration space larger than 
necessary, resulting the appearance of constraints in its Hamiltonian formulation [71 [8], or 
in the Riemann-Cartan geometry, with local SO(3,l) symmetry [91 [101 [11]. In the case of 
Yang-Mills and Electromagnetism, the Hamiltonian formulation can be achieved by following 
the Dirac algorithm [T2] to deal with constraint Hamiltonian systems. This same algorithm 
allows us to conclude that the first class constraints, primary or secondary, act as generators 
of gauge transformation, giving an interpretation for the extra degrees of freedom coming 
from the Hamiltonian formulation. 

The equivalence principle states that the special relativity equations must be recovered in 
a locally inertial coordinate system, where the effects of gravitation are absent. Thus, based 
on this principle would be natural to expect that gravitation had a local Poincare symmetry 
and that it was possible to describe it as a genuine gauge theory for this group. In fact, it is 
possible (9]. However, there are theoretical and experimental evidence, that from the most 
fundamental point of view (beyond the standard model) the Lorentz symmetry is broken 
[T3l El [151 (ini CEO EEE1 EES]- This would eliminate the Poincare group as the local symmetry 
group of gravity, leaving room only for the translational sector (or more general other). 

In this paper, we show that starting from the TEGR Lagrangian contained in the litera- 
ture it can be conclude that there is no an isotropy in physical space with respect to gauge 
transformations, i.e., given an arbitrary gravitational field, coming from a gauge transfor- 
mation in the internal space, physical space reacts differently in the spatial and temporal 
components. In addition, to the asymptotically flat case in which the algebra index is fixed, 
we recover the transformations of electromagnetism. We will also see that for the asymp- 
totically flat case, the dependence of the gauge transformation parameter in the space-time 
variables is periodic, as well in the Electromagnetism. Furthermore, we will show that the 
gravitoelectric and gravitomagnetic fields as have recently been defined (20] , make sense since 
they allow a direct relation with the momenta, which is analogous to what occurs in other 
gauge theories. 

2 Momenta canonically conjugated to the tetrad field 

As we will see in the next section, by introducing some new fields it is possible to find a 
consistent Hamiltonian description for the TEGR. In this description it will be possible, for 
example, to identify all the constraints of the theory. Let us see now the reasons why it will 
be necessary to follow this alternative procedure, i.e., why we simply could not straightly 
follow the Legendre transformation procedure. 
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The Lagrangian density associated with TEGR has the form 00 [3]: 
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with h = det{h a ^) and k 
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This expression can be rewritten in a more elegant form to 
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with N ab pp,uX being the tensor responsible for all possible contractions of indices, given by: 



N ab ^ x = ^ab [g w g uX - g up ] + \h a p [h b » g» x - K g pX ] 

- \h x [h p g up - K g>*\ + h a » [h b x g» p - h b " g pX ] 

- h a v [h h x {T - h b " g"*] . (3) 
Another way to write the Lagrangian density (JTJ), and perhaps the most fruitful of all is: 

h 



= — S ppiv T, 



4k 



ppvi 



where 



S ppu = _ S pup = 1 [ R pup _ g pu T 9p d + g pp T 0u^ 



and K^ up is the contortion tensor given by 



J^-pvp _ \rpvpp _|_ \rj^ppv _ \rj,pvp 
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(4) 
(5) 
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As we would expect, this is a quadratic Lagrangian density in the field strength tensor 0. 
Let us first define the momenta canonically conjugated to tetrads h c a , using the La- 
grangian density fl2]) 



dL 



d(d h c a ) 8k 2 
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with, 



C cb p(TX = [N cb °^ x - N cb ° p > ox + N bc ^ XtT - N b r M ] ■ (8) 

Repeating the calculation for the momentum using as a starting point the Lagrangian density 
(H, we get: 

dL h 



•- Q crO 



(9) 



1 A tetrad field h a = h a p d p is a linear basis that relates the metric g to the metric of the tangent space 
9 = g a bdx a dx b by g ab = g^h^h^ . 

2 The torsion is defined by T p M „ = T p ufJj — r p M „. The object T p vf/t is the Weitzenbock connection defined 

b y r% =h a pd^h\. 

3 Torsion written in the tetrad basis T a ^ = h a P T P ^ = d v h a M — d^h a v . 
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Taking then the definitions fl3]), (JSJ) and ([HD, we see that expressions ([7j) and ([2]) for the 
momentum are totally equivalent. The fact that the superpotential S a ^ = h a p S ppu appears 
explicitly in the expression of the Lagrangian density (j3J) makes it more useful than the 
definition ©. 

Seizing the opportunity, we would to use the latter definition of momentum to corroborate 
recent definitions regarding the gravito-electric and gravito- magnetic fields [20J: 

■pi c Oi 

— <->a > 

e» k B ak = Sji. (10) 

Comparing the definition ( flOl) for the gravito-electric field with the expression (J9j) for the 
momentum, we see that: 

IV = ±E*. (11) 

This result clearly shows that the definitions for the gravito-electric and gravito-magnetic 
fields proposed in Ref [20] lead us to a result completely analogous to what occurs with the 
theories of Yang-Mills and the Electromagnetism in which the momenta are also directly 
related to the "electric" fields of those theories. The main difference here is that these fields 
are related to the superpotential S afJ-u , while the theories of Yang-Mills and Electromagnetism 
are related to the field strength tensor, E a l = F a 0t and E l = F° l , respectively. This difference 
is justified by the fact that gravitation, unlike the other interactions, presents a special 
property, soldering [21J. This property is a consequence of the existence of a tetrads field 
h a ' At , which acts as a link between the bundle (inner space) and the manifold, so that algebra 
indices can be transformed into space-time indices, implying a Lagrangian density over a 
quadratic term in the field strength tensor. 

The usual sequence from here would be to isolate the doh c a terms of velocity and get the 
Hamiltonian version of the TEGR but unfortunately this can not be made in a simple way. 
Again, this difficulty is related to the fact that the momentum be related with superpotential 
and not with the field strength. Let us see, from the expression (J9]) we can show, after a 
long but straightforward calculation, that: 

LV + O (h% V/i c 4 ) = (/i c % V + 9ac9 ij 9 m + hjhjg 00 - hfhjg*) 

- h c °h a °g ij - h c l h a ig 00 + h c l h a °g°i]d h a r (12) 
This set of equations can be rewritten as: 

P c l = KjWoh^, (13) 

where we define the objects 

P/E^ + O^Vfc'j) (14) 

and 

= ~ (h c °h a °gv + g ac g^g 00 + hjhjg 00 - h c °h a *g°i) 

- h c °h a °g» - hjhjg 00 + h c l h a °g°\ (15) 
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from where we obtain that 

d h a j = (K- 1 ) ca ij P c i . (16) 

That is, find a set of solutions to the system (fT2|) is equivalent to find the inverse (K -1 ) 60- ^-; 
such task seems impossible even if we use algebraic manipulators. To circumvent this issue, 
we will adopt another possible procedure as described below. 



3 Constraints as generators of gauge transformation 

Motivated by the theory of Yang-Mills and by Electromagnetism, where the secondary con- 
straints are directly related to the Gauss's law, we can also make such a comparison for the 
case of gravitation described by TEGR in order to have an alternative way in obtaining the 
constraints of the theory. Before proceeding, we note that the expression for the momenta 
Qj gives us directly the primary constraints of TEGR 



= IT 



^ c oo 



(17) 



To test if the gravitational Gauss's law [20] really represents the secondary constraints we 
make @: 



dt 



6^m^ _ 5<S> C ° 5H 
+ d x - 



dC 



'd(d x h c 



Xc- 



+ d U c 



dC 



d(d x h%) 



Here, \ c is the gravitational Gauss's law given by: 

Xa = d t (hS a ° l ) - k 2 (h Ja °) = tfdiQlJ) - k 2 (h Ja °) 

with 



d i (hE a l )-k 2 (hj a °) = 0, 



Ja 



dL 



h A 



T%xSr - -5 x p T% u S c 



(19) 



(20) 



assuming the role of a "vacuum source". Or, in a way that makes clear the nonlinear 
character of gravity, 



Xa = ^(hEj) + k 2 h[H bc ai] ECE c i + T bc ani je jnk E c i B b k + g n h c ^ rk (E c l B a k 
- l/2EjB c k ) + J c l3 EjEJ + K bc ari j n e ijk e nrt B c k B b t ] = 0, 



(21) 



The canonical hamiltonian density is given by TLq = H c l doh c i — C. 
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where objects H bc ai j, T bc ani j , J c ^ and K bc ari j n are combinations of terms of tetrads H The 
expression (T2T]) justifies the interpretation of j a p as a source of vacuum. Moreover, j a p is 
the energy- momentum tensor of the gravitational field [22] . Notice that f l2T|) is equivalent to 
zero component of GR field equations written in terms of gravitoelectric and gravitomagnetic 
fields. 

The full equivalence between the GR and TEGR takes place within the equations of 
motion derived from the Lagrangian (j2J) and Einstein-Hilbert, 



It can be shown that [3]: 



C GR = (22) 

£-GR = C-TEGR + (23) 

Although the divergence term in the above expression does not contribute to the dynam- 
ics, represented by the Euler-Lagrange equations, we would think that this term has some 
relevance in the Hamiltonian formulation. That is not the case. Consider: 

hence 

From the previous lagrangian it may be noted again that there is no dependence on doh a o, 
so il c ° = $ c remain primary constraints. Continuing: 



£=—2 SP " VT ^ +d,(^ u ), (24) 



= Xc (26) 

We can thus conclude that using the Lagrangean density (jlj) is satisfactory and there is no 
information lost in the divergence term in ( )24l) . 

If we look closely, we see that the expression for the secondary constraints (gravitational 
Gauss's law) has an explicit dependence on velocities, and as we said previously, to isolate 
those terms depending on the momenta is not a trivial task. A method for obtaining such 
constraints has been developed in [7]; we will use here only the final result, since development 
is quite long. We have: 

Xc = h c °H + hjFi, (27) 

where 

kh 1 

H = -h a0 d k Il ak - —(g lk g jlP Vp kl - -P 2 ) 

+ kh(^g m g^T a mn T ai3 + l -g^T mn T m l3 - g lk T^ 3l T n nk ) (28) 
5 See Ref. [20] for the complete expressions. 
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and 

Ft = ww- - n-r^ + r-T« + r-r„„, + J^.p" - ip)r, ,29) 



Moreover, the objects were defined: 

1 



P lk = ^(h c m ck + h c k U a ) + g 0m (g k ^T mj +g^T k mj -2g^ mj ) 

+ (g km g 0l + g im g ok )Ti m ^ (30) 

« k = l -(h c m ck - h k Ii a ) - kh[-g m g k ^T° m , + (g m g ok - g km g 0i )T^ mj ] (31) 



and 



r fe = u ok + 2kh(g kj g 0i T° ij - //'V'T',, + g m g ik T\j). (32) 

The class test of the constraints shows that they are all first class [7j. Following the Dirac 
algorithm [12] , let us calculate then the transformations generated by the constraints, which 
do not modify the physical state of the system (gauge transformations): 



5h b p (x) = I d 3 x' [ettf){h b p (x), $ a (x)} + e a 2 (x'){h b p (x), X a(x)}} 

5h b Jx) 5<S> a (x) 5h b Jx) 5® a (x 



dVe?(s') 



5h c p (x') 8U/ (x') 611/ (x') 5h c p (x' 
Sh b p (x) 5x a {x) Sh b p (x) 5x a (x) 



that results in 
with 



/ d 3 x f e a 2 (x') ( ShB 2J^ 5 n7(x') snP(J) 5hQx* ) ' ! 33 1 



5h b p = 5le\ + V p e b , (34) 



V P 4 = ^4 + a;V2 (35) 



and 



ap = -^jCV^ - ^;h a °h b0 T\ + ^ p g" b h ai g^ m 
+ ^ p h m h ai g^ m + -L8 p h a °g 0b T 0i + \8 l p h b p WT» lv 



+ Sy b g 0p h a "T^ - -8 p g ip h b »h a a T^ a + -5 p h ai h b »T° 0p 



- <P>Vi/TV + ^#T\ (36) 

playing the role of covariant derivative and connection, respectively. The connection that 
appears in the definition fl36|) is not a usual spin connection, as we would expect for the case 
of a covariant derivative acting on a 4-vector with internal index. The reason for this must 
be related to the fact that we are dealing with a theory in which indices of internal space 
can be taken into space-time indices. Continuing, we can write: 

Sh b = e b , (37) 
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and 

5h\ = V^, (38) 

which makes possible claims that there is no an isotropy in physical space with respect 
to gauge transformations, i.e., given an arbitrary gravitational field, arising from a gauge 
transformation in the internal space, physical space reacts differently in the temporal and 
spatial components. In addition, for the asymptotically flat case in which the algebra index 
is fixed, we recover the transformations of electromagnetism, 

ShQ = ex, (39) 

and 

Shi = die 2 . (40) 

This is analogous to that was shown in ref. [20], in which, in the weak field limit, the 
gravitational Maxwell's equations are analogous to the electromagnetism. Here we see that 
this analogy is still valid in a more fundamental context. 
We can go ahead and rewrite (1341) as follows: 

5h b p = 5 p e b + 5 i p d i e b +u; b ap e a 2 . (41) 

Introducing now the following relation between the parameters e\ and e\ 

e\ = do4, (42) 

we have: 

5h b p = d p e b 2 + u b ap e a 2 . (43) 
The subindex 2 can now be ignored, 

5h b p = d p e b + u b ap e a = V p e b . (44) 

The above transformations allow a direct analogy with the gauge transformations obtained 
in the Yang-Mills theory. 



4 Dependence of the gauge transformation parameter 
in the space-time variables 

In genuine gauge theories, it is possible to use an arbitrary gauge to find a differential 
equation for the gauge transformation parameter. For the case of the ETRG, however, to 
find one similar to the Lorenz gauge, for example, is not an easy task and what we can do is 
to use equations that are valid for construction. Consider the absolute parallelism condition 

D v h b p = d v h b p - Y a pu h b a = 0. (45) 
If we substitute the transformations (J4"4"|) in this equation, we get: 

D u V p e b = 0, (46) 
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in which is the operator defined in (jHj) and D u the usual covariant derivative used in ( 1451) . 
Solving this set of differential equations in a general form, is a dificult task. Fortunately, in 
the asymptotically flat limit we have: 

d u d p e b = 0. (47) 

The simplified form fT4Tj) has the same shape for each index b. The equation can be rewritten 
as follows 

d u 3 p e = 0, (48) 
or raising the first index in order to obtain a wave equation 

d p d p e = 0. (49) 

Obviously, the solution of the previous equation is a plane wave. Thus, in the asymptotically 
flat limit, the analogy with electro magnetism is completed. It is important to stress out that 
in Electromagnetism, the transformation parameter has a clear interpretation: a phase that 
calibrates the wave function of the source field in internal space. In the case of gravitation, 
even if we are at the asymptotically flat limit, this interpretation is lost, once we have four 
parameters on (J4Tj). 



5 Final remarks 

Starting from the TEGR Lagrangian contained in the literature, it is not possible to obtain 
a Hamiltonian formulation for this theory simply following the standard procedure of a Leg- 
endre transformation. The main reason for this impossibility is the momenta be associated 
with the superpotencial and not with the field strength tensor, being this fact, in turn, a 
consequence of soldering property which requires that the Lagrangian has more than one 
quadratic term in torsion. It was also shown that the gravitational Gauss' law is exactly the 
secondary constraints of the theory as usual occurs in Electromagnetism. Moreover, diver- 
gence term necessary to ensure equality between the TEGR and Einstein-Hilbert Lagrangian 
densities does not influence on the final results of the secondary constraints. 

When we act with the first class constraints on the components of the tetrad field we 
obtained as second kind gauge transformations a similar structure of the Yang-Mills trans- 
formations, wich therefore generalizes the transformations of Electromagnetism. The reason 
for these transformations are similar and not identical to those obtained in Yang-Mills, is 
due to the fact that the spin connection obtained for the case of TEGR be able to take 
algebra indices to physical space indices. Again, this characteristic must be associated with 
soldering property which allow an exchange between objects defined in the physical and in- 
ternal spaces. Furthermore, we show that there is no isotropy in physical space with respect 
to gauge transformations, i.e., given a gauge transformation in the internal space, physical 
space reacts differently in the spatial and temporal components. In fact, for the asymptoti- 
cally flat case, in which the algebra index is fixed, we arrive at the transformations analogous 

6 Making use of a quantum term. 
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to those of Electromagnetism. It is important to note that this analogy had been obtained 
through the gravitational Maxwell equations [20J, however, here the analogy was made in a 
more fundamental level. 

By replacing the second kind gauge transformations in the absolute parallelism condition, 
we have obtained a highly coupled system of 64 differential equations. Luckily, for the 
asymptotically flat case, the system is substantially simplified, allowing even to say that the 
internal space has an isotropic structure, i.e., the solutions are independent of the index that 
characterizes this space. This new system is easily solved, and its solution allows us to know 
that the dependence of the gauge transformation parameters in the variables of physical 
space is periodic, i.e., the solution is a plane wave. 

With regard to the Gravitoelectromagnetism, by getting the relation (lllj) . we hope to 
have contributed to corroborate the definitions fflO|) . since they lead to a relationship between 
the momenta and GE fields completely analogous to what happens in Electromagnetism and 
Yang-Mills theory. The definitions fflO|) allow to rewrite the expression for the gravitational 
Lorentz force in terms of GE and GM fields, giving us an alternative way to get the gravit- 
omagnetic "drag" so mentioned in the literature [23J. 
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